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Abstract:  
This work sets a road-map towards an experimental realization of strong coupling between free-
electrons and photons, and analytically explores entanglement phenomena that emerge in this 
regime. The proposed model unifies the strong-coupling predictions with known electron-photon 
interactions. Additionally, this work predicts a non-Columbic entanglement between freely 
propagating electrons. Since strong-coupling can map entanglements between photon pairs onto 
photon-electron pairs, it may harness electron beams for quantum communication, thus far 
exclusive to photons.  
 
Entanglement between the states of propagating quantum entities, and its violation of local realism [1–3], 
acquires significance technological importance for quantum technologies, such as quantum computation 
and quantum key distribution [4]. Photon pairs’ polarization, expressed as Bell-states, allow for the 
transport of quantum entanglement over ever-growing distances, under the sea [5] and in the outer 
space [6]. Matter beams may offer an alternative carrier of quantum information [7,8], which utilizes a 
richer set of properties, such as shorter wavelength, or the controllability with electric and magnetic fields. 
Specifically, Fundamental particles, such as free electrons, are especially relevant for entanglement 
transport. Unlike atoms and other composite matter, free electrons are decoupled from free-space radiation, 
and they lack an internal structure to decohere into. However, the quantum control of fundamental-particle 
beams is at its infancy.   
Two important phenomena address the energy-exchange of light and electron beams: PINEM and EELS. 
In PINEM (photo-induced near-field electron microscopy [9]), a strong (and hence classical) laser field 
accelerates or decelerates electrons in a beam. This concept allows for optical control over the electron 
quantum wavefunction [10–13], culminating in the prediction [10] and demonstration [14–16] of 
attosecond-scale electron pulses. Similar effects, such as electron-energy gain spectroscopy 
(EEGS) [17,18], and effects of the light’s ponderomotive-energy, such as the Kapitza-Dirac effect [19] and 
electron-phase retarders [20] are also well described by classical laser fields. In the abovementioned effects, 
adding or removing a photon from the laser field makes no difference, since the electron-photon coupling 
is extremely weak.  
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In EELS (electron-energy loss spectroscopy) the coupling can be increased by using metallic nano-
structures, where the large polarizability and plasmonic resonances [21] allows for detectable signals while 
the nanometric features compensate for the momentum mismatch between electrons and the optical 
excitations (i.e. plasmons, see detailed reviews by García de Abajo  [22], by Talebi  [23], and references 
within). Such systems were investigated using rings [24], spheres [22], cubes [25,26] and rods [27,28] 
geometries, as well as for stacked particles [29], ordered or disordered structures [30–32], and also 
symmetric  [33,34] and symmetry-broken systems exhibiting non-Hermitian phenomena [35]. However, 
rapid decoherence eliminates entanglement features [36] between the electrons and any excited plasmons, 
stemming from radiative damping [37], intrinsic dissipation [38] absorption and sensitivity to defects. 
Alternatively, transparent dielectrics have no theoretical bound for the excitation probability [30]. Optical 
excitations in such dielectrics can be readily injected, collected or manipulated, but unfortunately, their 
coupling to electron beams is weak. 
This article proposes that the phase-matching of swift electrons to photons confined in a fiber-based 
dielectric cavity can increase the interaction towards the strong coupling regime, and theoretically 
investigates emergent entanglement phenomena. The phase-matching bandwidth can isolate even a single 
cavity mode, allowing for a single channel of energy exchange between matter and radiation. An analytical 
entanglement model is developed for the electron interaction with a cavity mode, which can apply for any 
coupling regime, weak and strong. To exemplify novel phenomena arising in the strong coupling regime, 
this work focuses on two scenarios: first, the entanglement between cavity photons and a traversing electron 
is investigated and compared rigorously to the known phenomena of PINEM and EELS in the limit of weak 
coupling. Second, the cavity capability to mediate non-Coulombic entanglement between two distant 
electrons within a beam is explored. Finally, the strength and spectral properties of the coupling are 
evaluated quantitatively, for the case of a stadium-like whispering-gallery mode cavity based on a single-
mode fiber. 
The proposed experimental concept for reaching strong coupling is shown in Figure 1 (more details are 
discussed later on and in Figure 4). The optical excitations are whispering gallery modes (WGM) of a 
stadium-geometry cavity based on a thin waveguide. An electron beam passing parallel to a straight section 
of the cavity, which is a single mode fiber, excites a bound mode via the interaction with the mode’s 
evanescent tails in the vacuum. The conservation of both energy and momentum between the electron and 
light is fulfilled only for a specific photon energy, for which the electron travels at the mode’s phase 
velocity. The dispersion in the fiber narrows the interaction’s spectral bandwidth. In the example shown on 
Figure 1b, a silicon-nitride (Si3N4) cavity is optimized to couple electron beams accelerated to 200 keV 
with  photons having vacuum wavelength near 1.064 µm (ℏ   = 1.1654   ). The coupling bandwidth 
narrows down to only 0.011 eV after a propagation length of 100 µm. Importantly, the momentum-matching 
condition, also referred to as phase-matching, allows for the signal within the interaction bandwidth to grow 
coherently, and to approach strong coupling.  
  
Figure 1 – Proposed experiment for a narrow-bandwidth strong coupling. (a) Evanescent optical field couples a 
cavity mode to an adjacent electron. (b) Phase matching between the electron and the cavity-photon limits the 
coupling to a narrow spectral band. For example, a 100 µm propagation near a Si3N4 cavity limits the coupling 
bandwidth (expressed as EELS bandwidth) to 11 meV around ℏ   = 1.1654    (  = 1064   ). Further details 
are in the text.  
 
Figure 2 – Electron-photon entanglements patterns. (a) Colormap of    ,  
 
, the co-incident probabilities of 
photons with electron-energy gain  ℏ  , after a strong interaction (  = 3) with an empty cavity. (b) Rich 
entanglement features for an initial coherent state |  = 3⟩, in the cavity. Oscillations in the electron spectra co-
incident with Fock-states, c.f. inset for   = 2 and   = 3, are absent from the integrated electron spectrum (top 
axis, red bars) since Fock states are orthogonal. (c) The known electron spectrum for PINEM, |  |
  = |  (2| |)|
  
(top, red bars), emerges for weak coupling and highly-populated cavity  (  = 0.25, | ⟩ = |10⟩), with | | = |  |. 
In this limit the electrons and photon-states separable. 
Coincident probability,    ,  
 
, for   photons and electron-energy gain of  ℏ  , for an electron ultra-strongly 
coupled (  = 3) to an empty cavity. (b) same as (a), but with a coherent-state in the cavity, |  = 3⟩, results in 
rich entanglement patterns. The inset shows electron spectral oscillations for co-incident detection with Fock-
states   = 2 and   = 3. The overall electron spectrum (top axis, red bars) is smooth since electron spectra co-
incident with different   add incoherently. (c) The known electron spectrum for PINEM, |  |
  = |  (2| |)|
  
(top, red bars), emerges for weak coupling and highly-populated cavity  (  = 0.25, | ⟩ = |10⟩), with | | = |  |. 
In this regime the electrons and cavity photons are nearly independent, and hence separable.  
 
The analytical model relays on the narrow spectral response of the proposed system. Only photons having 
angular frequency    are phase-matched with the relativistic electron beam. The narrow-bandwidth 
suppresses finite electron wavepacket [39,40] effects. The quantum state of these two systems can be 
described as energy-ladder systems with ℏ   spacing between the levels: The photon Fock-states in the 
cavity are represented by | ⟩, a semi-infinite ladder with   ≥ 0. The electron states, |  ⟩, with    =    +
 ℏ  , represent gain (  > 0) and loss (  < 0) with respect to the “zero-loss energy”,   . ℏ is the reduced 
Plank’s constant. Thus, a general state of such electron-photon system can be written as  
 
| ⟩ =       , |  ,  ⟩
 
    
 
   
. (1) 
The relation between the state of the system before and after the interaction can be described by the 
scattering matrix,   , as          =   |        ⟩. Neglecting electron dispersion effects allows to write    as  
exchanging energy between the electrons and the photons, 
    =        =    
      ∗      . (2) 
Here,   is the coupling strength,  ,    are the non-commuting photon ladder operators, and    ,     are the 
commuting electron-energy ladder operators. The commutation,    ,      = 0, result in an algebra similar to 
scalars, so    behaves as a the displacement operator  ( ) [41]. A comprehensive treatment of   ,    , and 
electron dispersion effects can be found in Sections S.4 and S.1 of the supplementary, respectively.  
The interaction of a relativistic electron with an empty cavity is an important and instructive case to consider 
(see Figure 2a). The state of the combined electron-photon system before any interaction can be written as 
a pure state, with the electron at the zero-loss energy and no photons.   
 |  ⟩ = |  , 0⟩. (3) 
As the interaction is a displacement operator, the final state after the first interaction,     , is a coherent 
state [42], as for plasmons [43], in which energy conservation entangles each optical Fock-state to an equal 
electron-energy loss,    =    . 
 
     =    
 
| | 
 
  
√ !
|   ,  ⟩
 
   
. (4) 
One can consider eq. (4) as the multi-level electron-photon equivalent of a Bell-pair,      =
(  |  , 0⟩ +   |   , 1⟩ + ⋯ ). Thus, coincidence measurements are expected to expose correlations 
between the measured electron-energy loss and photon detection. For comparison with EELS experiments, 
one should consider a weak coupling, where only one energy-loss channel is detectable, with population 
probability of | | . Higher EELS orders [43] necessitates a strong coupling | |~ 1. In the supplementary, 
S.2, strong coupling EELS is derived as “field-less PINEM” to touch upon their equivalence. A general 
feature of the electron-energy distribution is that the average loss is    − ⟨ ⟩ = | |
 , in either weak or 
strong coupling. The one-to-one entanglement between the two entities is expressed as the purely diagonal 
electron-photon energy-state population in Figure 2a.  
For a quantum-optics description of PINEM experiments one needs to consider a coherent state | ⟩ with 
an average number of | |  photons in the cavity. In this case, the exact final electron-photon quantum state 
is characterized by eq. (1) with the coefficients   , 
      = 〈  ,            ,  〉, 
 
  , 
      =  
| |  | | 
 
 (   )  
√ !
   
(  +   + ℓ)!
(  +  )!
 
(−| | )ℓ
(  + ℓ)! ℓ!
 
 
ℓ  
. (5) 
The supplementary section S.2 details the algebraic derivation. Figure 2b presents the electron-photon 
spectral probability map for the case of a strong coupling (  = 3) to a cavity populated with 9 photons in 
average,   = 3. The entanglement correlates diagonally as for an empty cavity, but also includes rich 
patterns. Specifically, the electron spectrum depends strongly on the coincident Fock state (see inset for 
  = 2 and   = 3). The photon-averaged electron spectra is smooth (red bars, top axis) , similar to a spatial 
scattering of atoms off a coherent photon state [44,45]. Consistently with EELS and with the case of an 
empty cavity, the mean energy-loss is | | . The electron energy distribute nearly symmetrically around the 
mean, with a spectral widths of 4|  |. This generalizes PINEM  [9,46,47], known for its 4| | bandwidth, 
symmetric around    (special case of | |
  → 0) [10].   is the PINEM Rabi-parameter.  
To exactly retrieve known PINEM spectra, with probability amplitudes    =   (2| |)  [10,46], one needs 
to consider strong optical fields | | ≫ 1, weakly coupled to the electron beam,   ≪ 1 (see detailed 
calculation in the supplementary section S.2.2.1).    is the Bessel function of the first kind. Eq. (5) reduces 
to Bessel-function amplitudes when approximating the square brackets within it as 
(    ℓ)!
(   )!
≈  (  +  )ℓ. 
Thus, one can write  (  +  )ℓ(−| | )ℓ =  −    (  +  ) 
 
 
ℓ
. The summation then transforms to 
  (  +  ) 
  
          ⋅    (2| |), with the definition.  
    =   (  +  ) ≈  | |. (6) 
Neglecting quantum fluctuations added to the light by the interaction,   (  +  ) 
  
=   ⟨  +  ⟩ 
  
,  
decouples the electron and photon states. Thus, the decoupled state 
 
|      ⟩ = | ⟩ ⊗    (2| |)|  ⟩, (7) 
fully retrieves the known PINEM Bessel-amplitudes decoupled from the driving laser field. This decoupling 
allows to consider the electron wavefunction, and its laser-modulation. Furthermore, the Rabi-parameter,   
emerges naturally as the product of the coherent state amplitude and the coupling strength. Figure 2c shows 
the electron-photon spectra for   = 10,   = 0.25, that is, a cavity with 100 photons in average, weakly 
coupled to the electron beam. The electron spectrum is nearly independent of the photon state, yielding the 
electron spectral oscillations typical for Bessel amplitudes (see zoomed electron spectrum). 
The second strong-coupling phenomena exemplified here is non-Coulombic entanglement of two 
consecutive electrons in a beam, mediated by long lived cavity photons. A lifetime of 10 picoseconds allows 
excitations of the first electron to affect the second, while suppressing Coulombic interactions between 
them. The passage of the first electron generates a state as in eq. (4). A second electron with an equal zero-
loss energy (marked here ℰ  to distinct from the first electron) will result in a three-particle state, 
   
     ∑ ∑   , 
   |   , ℰ ,   −  ⟩
 
    
 
    , characterized by 2-indices   , 
    =
〈   , ℰ ,             , ℰ ,  〉.   is the energy quanta gained by the second electron and   is the Fock-
state index prior to the arrival of the second electron, which is also the final energy state of the first electron 
|   ⟩. The final Fock-state of the cavity is |  −  ⟩.  Thus, 
 
  , 
    =
    
 !  (  −  )!
 (  + ℓ)!
(−| | )ℓ
(  + ℓ)! ℓ!
 
 
ℓ  
. (8) 
Explicit derivation are in the supplementary section S.3. One can think of such an event as PINEM, pumped 
by the first electron, as apparent in the similarity of eqs. (5) and (8). Figure 3 shows the resulting 
entanglement features for strong couplings of   = 1 and   = 3. The single particle spectra (right axis, red 
bars) is smooth, while oscillations appear in co-incidence measurements. See the inset of Figure 3b for a 
spectrum of the 2nd electron, co-incident with a 12-quanta-loss state of the first electron. In such an electron-
pair experiment, energy-gains are unique to the second electron, and hence could be used to record co-
incident spectra without separating the paths of the two electrons.  
 
Figure 3 –  Electron-electron interaction for two distant electrons in a beam, mediated by long-lived photons. The 
colormap,    , 
    
 
, is the co-incident probability for  ℏ   energy-loss of the first electron and  ℏ   gain of the 
second. (a) Strong coupling,   = 1, allows for mutually exclusive states (dash circle) of the electron pair, where 
if the first electron loses one quantum, the second cannot be loss-less. (b) Stronger interactions induces rich 
entanglement features (see inset for lineout of the second electron spectra, co-incident with   = 12).  
The last part this letter utilizes the above derivations to quantitatively evaluate the coupling constant via 
PINEM. Specifically, the term   =  | | in eq. (6) links the coupling constant to the classical acceleration 
of an electron by the mode’s field. The field is represented as a coherent state | ⟩, and the acceleration or 
deceleration is represented by  . For an electron traveling the path 0 <   <   near a straight arm of the 
cavity, the parallel acceleration is given by the light-field component,   
( )
  ,  ( ) , evaluated for time 
 ( ). The superscript   indicates a frequency dependence. The classically calculated electron-energy gain 
within the interaction region is   ∫   
( )
  ,  ( )   
 
 
, where   is the electron charge (transverse recoil is 
negligible, see supplementary section S.1.2.2).   is then the unit-less ratio between the electron-energy gain 
and the photon energy (eq. (3) in ref. [10]), which with eq. (6) determines the coupling constant as 
 
  =
 
| |
=
1
| |
 
2ℏ 
    
( )
  ,  ( )   
 
 
. (9) 
Although   is calculated from classical fields, it is a geometrical property of the apparatus for a given 
electron zero-loss energy, since | | =  ⟨ ⟩ ∝   . Intuitively, one can interpret   as the strength of a 
PINEM effect for one cavity photon. Eq. (9) has few important aspects, especially when implemented to a 
long interaction length, e.g. many µm: (i) The optimal coupling occurs when   
( )
  ,  ( )  is constant along 
the electron trajectory, which occurs at perfect phase-matching.(ii) Conceptually, the ultimate coupling 
would be for a straight fiber with periodic boundary conditions and length  . One can realistically reach 
1/√2 of that, when accounting for the backward propagating mode in a realistic cavity. (iii) The coupling 
bandwidth is limited by dispersion (see Figure 1b).  
A cavity design for a strong coupling requires a small optical-mode volume, matching the velocity of the 
electron with that of the mode, and a meaningful field component    in vacuum. Those can be achieved in 
WGM cavity, based on a straight single-mode fiber (see Figure 1a). The small fiber diameter plays multiple 
roles: it minimizes the mode volume, increases the evanescent tails in vacuum that interact with the electron, 
increase the field component,   , and pushes the modal phase velocity towards the speed of the relativistic 
electrons. The stadium-geometry of the proposed resonator allows for a long straight section, while 
minimizing additional mode volume and losses.  
Figure 4 shows the coupling of electron beams to a mode with a photon energy of ℏ   = 1.1654    
(vacuum-wavelength   = 1064   ) in a step index profile [48]. For the selected parameters (fiber 
diameter of 463 nm, electron zero-loss energy of 200 keV) the coupling reaches   = 0.76 for 100 µm 
interaction length. Figure 4b presents the spectral width of the interaction, derived from the coherence 
length [49]. Comparison to the free spectral range for cavities with total circumference of 2  (dashed line), 
indicates the number of modes with which the electron may couple. A Si3N4 cavity (orange line) allows for 
phase-matching with 4 optical modes, while silicon (blue line, for 213 nm diameter), allows for the coupling 
of a single optical mode, or none.  
As a concrete example, I consider the stadium-shaped WGM cavity with a 100 µm straight arm and a 
negligible semicircle circumference, comprising a Si3N4 fiber with a diameter of 463 nm. An electron beam 
passing close to the cavity wall would have a coupling strength of   = 0.76/√2 = 0.53, where the √2 
accounts for the non-interacting cavity-arm. The field evanescence length 120 nm in vacuum. Thus, an 
electron beam with a semiconvergence angle of 0.15 mili-radians and a waist of 10 nm would experience a 
uniform light-field. These are achievable parameters in contemporary electron microscopes. With this 
design scheme, and possible other modifications, unprecedented strong coupling and long-lived 
entanglement effects may be reached in the not-distant future.  
  
Figure 4 – (a) The coupling constant to a 100-µm-long Si3N4 step-index fiber (left axis, blue) and the phase-
matched electron energy (right axis, orange) for 1064 nm photons, as a function of the fiber diameter. This 
calculation assumes periodic boundary conditions, thus, a realistic coupling would be smaller by √2. (b) The 
coupling bandwidth (orange) narrows for longer interactions. Increased dispersion (e.g. Si, blue line) can result 
in a narrower bandwidth than the free spectral range (dash diagonal), which limits the coupling to a single optical 
mode at most.  
To conclude, this work proposes a path towards a strong coupling regime between electrons and cavity-
photons based on narrow-band phase-matching, and investigates phenomena that this regime may enable. 
The analytical model addresses EELS and PINEM on an equal footing alongside strong coupling 
phenomena. The coupling,  , may be retrieved experimentally using PINEM, via eq. (9), or using EELS, 
via the | |  loss probability, per optical mode. Additionally, strong coupling to a cavity can entwine the 
quantum state of two consecutive electrons, entangling their final energies. These phenomena, and the 
concrete design approach brought here set a road-map for experiments of free-electrons strongly-coupled 
with photons. In the future, the ability to imprint quantum-optical states on relativistic electron-beams may 
enable the use of electrons as information carriers. The fundamental differences between light and electrons 
may open new horizons. One example is the use of the high efficiency of electron-detection to herald single- 
or multiple-photon sources. Another is long-distance communication in space, where matter beams exhibit 
superior divergence properties, and allow for manipulation with electric and magnetic fields.  
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S.1 Basics of the coherent interaction between electronic and
photonic states
S.1.1 Assumptions
• The electron state is .
|ψ〉 =
∞∑
n=0
∞∑
j=−∞
cnj |Ej , n〉 . (1)
The electronic part of the state may just be written as |Ej〉, similar to Feist et al. 2015 [1].
• The ladder operators are bˆ, bˆ†, with the commutation relation
[
bˆ, bˆ†
]
= 0. This commutation
relation holds throughout relevant the energy spectrum. For fast electrons,
(
bˆ
)†
= bˆ†. For
very slow electrons, the lowering and lifting operators are not the hermitian conjugate of each
other. See details in section S.4.
• The electrons interact with a harmonic system, with energy spacing ω0, such that Ej+k =
Ej + k~ω0.
• For the photons the ladder operators are the standard aˆ and aˆ†, with [aˆ, aˆ†] = 1.(See for
example quantization in Scully and Zubairy [2] or Mandel and Wolf [3])
• The operator of the electric field for free space, is
~ˆ
E (r, t) =
1
L3/2
∑
k
∑
s
√
~ω
2ε0
[
iaˆk,s (0) εk,se
i(k·r−ωt) + h.c.
]
.
That can be written for simplicity as
~ˆ
E (r, t) =
~ˆ
E(+) (r, t) +
~ˆ
E(−) (r, t)
Here I just abbreviate
~ˆ
E(+) = aˆ, (2)
where the time and space dependency are understood. The quantization of fiber modes has a
similar form, see section S.5.
• The interaction Hamiltonian is He +Hnp +HI .
The Hamiltonian for a local interaction is
H =
√
E2rest +
(
Pˆ c
)2
+ ~ω0aˆ†aˆ+ ξ
(
bˆaˆ† + bˆ†aˆ
)
. (3)
The exact form of the electron Hamiltonian, He, and the operators b, b† is described in section
S.4. ξ is the local coupling strength, with units of energy. It is meaningful only in the context
of the total interaction strength, as e.g. in eq. (12).
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S.1.2 Electron-dispersion effects
S.1.2.1 Relevant distance for electron-energy dispersion effects
The distances that are relevant for dispersion effects can be evaluated from a Taylor expantion of
the phase for an electron plane-wave
φ(E,z) = φ(E,0) + P(E)
z
~
(4)
= φ(E,0) +
z
~c
√
E2 − E2rest (5)
(E=E0+∆E)≈ φ(E,0) + z~c
(√
E20 − E2rest +
E0 (∆E)√
E20 − E2rest
− E
2
rest (∆E)
2
2 (E20 − E2rest)3/2
)
. (6)
The dispersion can be neglected for short propagation distances, z  zdispersion, where
zdispersion = ~c ·
∣∣∣∣∣ E2rest (∆E)22 (E20 − E2rest)3/2
∣∣∣∣∣
−1
. (7)
For example, electrons at 200 keV, and 11.65 eV bandwidth (10 orders of photons with 1064 nm
vacuum-wavelength), zdispersion ≈ 5.3mm.
S.1.2.2 Estimation of the electron recoil (transverse deflection)
Since the optical mode has both parallel field (Ez )and transverse field (Ex, Ey) components, it can,
in principle, deflect the electron and compromise the validity one-dimentional description, as in this
work. For the optical-mode parameters described in this work, say in Figure 4 of the manuscript, this
deflection is small. Given a similar field components, as in our case, one can assume for simplicity
|Ex| ≈ |Ez|. During the interaction time L/v0, the transverse deflection can be estimated by the
classical impulse is the added transverse momentum ∆Px = q|Ex|(L/v0). v0 is the group velocity of
the relativistic electron.
Thus, the final deflection θf from the induced transverse momentum is
θf =
∆Px
P0
=
q|Ex|L
v0P0
(8)
≈ q|Ez|L
v0P0
. (9)
using the phase-matched coupling α = qEzL2~ω0 , ~ω0 = 1.1eV , P0 = γm0v0, and the parameters for 200
keV electrons, γ = 1.39, and v0 = 0.7c, one can write
θf ≈ q|Ez|L
v0P0
≈ α
2.2eV︷ ︸︸ ︷
2~ω0
v0P0︸︷︷︸
γm0(0.7c)2
≈ α 2.2eV
338keV
≈ α · 6.5e− 6. (10)
The deflection roughly scales with the coupling, and is only few micro-radians. Assuming the
acceleration is constant and the deflection trajectory is parabolic, this FINAL deflection correspond
to a trajectory x(z) =
θf
L
z2
2 , which result in a final deflection x(z = L) ≈ 0.2nm for α = 1 and
L = 100µm.
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S.1.3 The displacement operator - S-matrix approach
The scattering operator (in the interaction picture), Sˆ need to be accounted for in full, to be valid
for strong couplings,
Sˆ =T exp
[
− i
~
∫ ∞
−∞
ξ
(
bˆaˆ† + bˆ†aˆ
)]
(11)
= exp
[
−i ξτ
~
(
bˆaˆ† + bˆ†aˆ
)]
. (12)
Here, I removed the time-ordering operator, T , since the there is no time dependence for the operator
product bˆaˆ† for interaction lengths short enough to suppress dispersion (see eq. (7))
bˆ(t)aˆ†(t) = bˆeiωtaˆ†e−iωt = bˆaˆ†.
τ is an effective interaction duration. Additional phases, such as temporal-delays accumulated by
the electron energy-states, can be neglected below the characteristic dispersion distance, as in eq.
(7).
S.1.3.1 Derivation of the S-matrix as a displacement operator
Eq. (12) has the form of the displacement operator,
D
(
bˆα
)
= exp
(
αbˆaˆ† − α∗bˆ†aˆ
)
,
with a substitution
−i ξτ
~
= α (13)
−i ξτ
~
= −α∗. (14)
For this to be correct, ξτ~ ∈ <eal.
Aditional comments:
• The only difference of D
(
bˆα
)
from D (α) is that bˆ is an operator. It implies conservation of
energy, where every Fock-state is entangled with the corresponding state of an electron energy
loss |Ej−n, n〉. The splitting of the energy between the electron channel and photon channel
resembles a beam-splitter operator, but with bˆaˆ† instead of the aˆ1aˆ
†
2
• If ξτ~ ∈ <eal, than the translation parameter, α, is purely imaginary. This means that when
the electrons interact with radiation they change momentum, without instantaneous shifts.
Time (or propagation) translates momentum difference to modifications of the probability
distribution.
S.2 Effects for photons interacting with an electron-beam
S.2.1 EELS as field-less PINEM - strong interaction without a driving
field
A strong interaction depends on the coupling parameter, α, with the light field acting only as the
initial state. Due to conservation of energy, one expects to end with energy-loss, E−k, with k > 0.
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The probability amplitude to find an electron in energy E−k can be written as
〈E−k, n|D(bˆα) |E0, 0〉
BCH
= e
|α|2
2 〈E−k, n| e−α∗bˆ†aˆeαbˆaˆ† |E0, 0〉 (15)
= e
|α|2
2 〈E−k, n|
∞∑
m,`=0
(−α∗)m
(
bˆ†
)m
aˆm
m!
α`bˆ`
(
aˆ†
)`
`!
|E0, 0〉 (16)
= e
|α|2
2
∞∑
m,`=0
〈E−k−m, n+m|
√
(n+m)!√
n!
(−α∗)m
m!
α`
`!
√
`! |E−`, `〉 . (17)
Here, I used the Backer-Campbell-Hausdorff formula (BCH) to express the displacement operator(eq.
(128)), and used
(
a†
)m |n〉 = √ (n+m)!n! |n+m〉. Using the orthogonality of the electron-energy states
and the photon states, one get 〈E−k−m, n+m|E−`, `〉 = δ−k−m,−`δn+m,`, so n = k (conservation of
energy) and ` = m+ n. So, the above is
= e
|α|2
2
∞∑
m=0
√
(n+m)!√
n!
(−α∗)m
m!
αmαn
(n+m)!
√
(n+m)! (18)
= e
|α|2
2
αn√
n!
∞∑
m=0
(
− |α|2
)m
m!
= e−
|α|2
2
αn√
n!
e−|α|
2
(19)
= e−
|α|2
2
αn√
n!
= e−
|α|2
2
αk√
k!
. (20)
This is the expected Poisson distribution (see ref. [4])
Pk =
∣∣∣〈E−k, k|D(bˆα) |E0, 0〉∣∣∣2 = e−|α|2 α2kk! (21)
Typical EELS is retrieved for |α|2  1, RightarrowP0 ≈
(
1− |α|2), P1 = |α|2.
S.2.2 PINEM - electron interaction with a strong laser-field
For PINEM, the initial state |ψi〉, before the electron interacts with light is an uncorrelated state,
|ψi〉 = |E0〉 ⊗ |β〉 = |E0, β〉 .
For large β the optical coherent state is a good approximation for classical fields. The important
quantum numbers for the final state are the final quanta of electron-energy gain, k, and the remaining
number of photons n, ∣∣ψPINEMf 〉 = ∞∑
n=0
∞∑
k=−∞
cn,k |Ek, n〉 .
The PINEM interaction can be written by the displacement operator.
cn,k = 〈Ek, n|D(bˆα) |E0, β〉
BCH
= (22)
= e
|α|2
2 〈Ek, n| e−α∗bˆ†aˆeαbˆaˆ† |E0, β〉 (23)
= e
|α|2
2 〈Ek, n|
∞∑
m,`,j=0
(−α∗)m
(
bˆ†
)m
aˆm
m!︸ ︷︷ ︸
e−α∗ bˆ†aˆ
α`bˆ`
(
aˆ†
)`
`!︸ ︷︷ ︸
eαbˆaˆ
†
e−
|β|2
2
βj√
j!︸ ︷︷ ︸
|β〉
|E0, j〉 (24)
= e
|α|2−|β|2
2
∞∑
m,`,j=0
〈Ek−m, n+m|
√
(n+m)!
n!
(−α∗)m
m!
α`
`!
βj√
j!
√
(j + `)!
j!
|E−`, j + `〉 . (25)
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Orthogonality of the states imposes
〈Ek−m, n+m|E−`, j + `〉 = δk−m,−`δn+m,j+` (26)
so, m = k + `, n+m = n+ k + ` = j + `. (27)
Thus, one remain with a summation over `,
cn,k = e
|α|2−|β|2
2
∞∑
`=0
√
(n+ k + `)!
n!
(−α∗)k+`
(k + `)!
α`
`!
βn+k
(n+ k)!
√
(n+ k + `)!. (28)
After some rearrangements, the final expression for the final-state amplitudes is
cn,k = e
|α|2−|β|2
2
(−α∗)k βn+k√
n!
∞∑
`=0
(n+ k + `)!
(n+ k)!︸ ︷︷ ︸
(∗)
(
− |α|2
)`
(k + `)!`!
. (29)
This is an exact expression for the quantum state following PINEM, at any coupling strength. To
extend this expression for gain (k > 0) and for loss (k < 0) one can replace the factorial operations
by Riemann’s gamma function x! → Γ (x+ 1), which diverges for negative integers. Since possible
negative factorials terms of (k + `)!`! diverge in the denominator, their corresponding arguments
can be ignored. For (n+ k) < 0, the term marked (∗), is either (∗) = 1 for ` = 0, or (∗) = 0 for
` > 0, and is thus regularized. Section S.2.2.3 retrieves the explicit PINEM coefficients for gain
and loss, using the factorials of explicitly positive integers, rather than Riemann’s Gamma-function.
One example of PINEM-like spectrum is in the main text (figure 2c), and here, figureS.1 presents
similar spectrograms, for various coupling constants.
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Figure S.1: The electron-photon spectrogram for various coupling constants, assuming an initial
cavity population of 100 photons in the form of a coherent state |β = 10〉. The colormap is the
co-incidence of a particular energy combination |cn,k|2 of the photon and electron. The bottom axis
is the initial (dashed line) and final (blue bars) distribution of the Fock-states for photons in the
cavity. The right axis (red bars) is the electron spectrum
S.2.2.1 Retrieving the experimental PINEM spectrum for weak interactions with
strong fields
Here, I show how the derivation above retrieves the known PINEM spectrum for the electron, and
in what conditions the field is decoupled from the electron state modification. Using eq. (29), in the
parameter regime accessible to experiments to date, this derivation should yield the a Bessel-function
spectrum - ∝ |Jk (2 |g|)|2, with a possible additional phase. In the experiments the coupling is weak,
the field is strong, and there are only few quanta of energy exchanged between the photons and the
electrons
|α|2  1 (30)
〈n+ k〉 = 〈j〉 = |β|2 (31)
` / k  n. (32)
Although the summation is up to `→∞, the argument in the sum decays rapidly for ` > |αβ|2, so
one can compare ` with other parameters of this system. The comparison to |βα| becomes clearer
from eq. (34) and the definition of the Bessel-function of the first kind. By employing eq. (134),
and the ratio `/ (n+ k) 1, one can write (∗) ≈ (n+ k)`. In that case, the summation arguments
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acquire the following form
(n+ k + `)!
(n+ k)!
(
− |α|2
)`
(k + `)!`!
≈ (n+ k)`
(
− |α|2
)`
(k + `)!`!
(33)
=
(
− ∣∣α√n+ k∣∣2)`
(k + `)!`!
(34)
=
(
− |g|2
)`
(k + `)!`!
, (35)
where g is
g = α
√
n+ k ≈ α |β| . (36)
This brings the form of the Bessel-function amplitudes to the energy spectrum,
cn,k = e
1︷︸︸︷
|α|2 −|β|2
2
βn+k√
n!
eik arg(−α
∗)
(
2 |g|
2
√
n+ k
)k ∞∑
`=0
(
− (2|g|)24
)`
(k + `)!`!
(37)
= e−
|β|2
2
βn+k√
n!
√
(n+ k)
−k
eik arg(−g
∗)Jk (2 |g|) . (38)
The above approximation almost reproduces the Bessel-like amplitudes of PINEM, but it leaves some
correlations between n and k. To remove these correlations and retrieve classical-field effects, one
has to neglect correlations in the coherent state. Specifically when assuming < j >=< n+k >≈ |β|2
and
〈√
n+ k
〉 ≈√〈n+ k〉 the following is simplified(√
n+ k
)−k
≈
(
βe−i arg(β)
)−k
= β−keik arg(β) (39)
βn+k
(√
n+ k
)−k
︸ ︷︷ ︸
|β|−k
≈ βn · eik arg(β). (40)
The photon states and electron states are now separable.
|ψf 〉 =
∑
n,k
cn,k |Ek, n〉 (41)
≈
[∑
n
e
−|β|2
2
βn√
n!
]∑
k
eik
=arg(βg)︷ ︸︸ ︷
(arg (β) + arg (−g∗))Jk (2 |g|) |Ek, n〉
 (42)
= |β〉 ⊗
∑
k
[
eik(arg(βg))Jk (2 |g|)
]
|Ek〉 (43)
= |β〉 ⊗
∑
k
ck |Ek〉 . (44)
I used here the relation g = −g∗, or arg (g) = arg (−g∗) since α = −α∗.
S.2.2.2 Comments on PINEM with nearly classical fields
Some points from the above derivation of final state for strong fields interacting weakly with electrons
are worth stressing:
20
• g has the same meaning as for classical fields, as in Refs. [1, 5].
• The electronic states have the amplitude as in the experiments,
ck = e
ik(arg(βg))Jk (2 |g|) , (45)
not only the probabilities.
• g is proportional to the electric field and the coupling constant, g ∝ α |E|, since |E| ∝√〈n+ k〉 = |β|. This is in agreement with the it’s classical definition.
• There is a phase locking between the initial coherent state and the electron state. It appears
in the argument eik(arg(βg)).
• The locking phase just contributes an linear phase with the energy, that is, it provides for the
definition of time-zero.
• |g| = |αβ|, which means that one can increase the width of the electron spectrum (have many
PINEM orders, ∆E ∝ 2 |g|). The scaling, for a given cavity, will be linear with the interaction
length (via α), and linear with the PINEM-driving electric field (via β).
• Since for a coherent state |β〉, the coupling and g are related by g = α|β|, it means that the
coupling, α can be retrieved from classical calculations of PINEM by
α =
g
|β| . (46)
• As mentioned in the main text, the equivalence of the gain and loss channel originates from
a small coupling, |α|  1. The mean energy loss is |α|2 in any experimental configuration,
EELS, PINEM, weak- or strong-coupling.
• In practice, the correlations between the photon states n and the electron energy indices k
is negligible for a high-β coherent state and weak coupling. This is visualy clear from the
calculation in the main text.
S.2.2.3 Separated expressions for gain and for loss channels of electron-photon inter-
actions
One reason to keep the factorials in eq.(29) is the numerical errors induced when evaluating factorials
x! through the Riemann Gamma function Γ(x+1). Thus, for the calculation presented in the figures
of the main text, I explicitly separated the expression to the cases of k ≥ 0 and k < 0. This is done
by choosing the summation index that spans 0 → ∞. That is, ` for k ≥ 0 and m for k < 0. The
other index is eliminated by the substitution
for k ≥ 0⇒ m = k + ` (47)
for k < 0⇒ ` = m− k. (48)
Such a separation would explicitly assure that the physical constraint are met m, `, j, n ≥ 0. First,
for k ≥ 0 we have eq. (29), with ` as the summation index. For k < 0, the index selection in in eq.
(48) is ` = m− k and n = j − k,
cn,k
(k<0,n≥0)
= e
|α|2−|β|2
2
(−α∗)k βn+k√
n!
∞∑
m=0
(n+m)!
(n+ k)!
(
− |α|2
)m−k
m! (m− k)! (49)
= e
|α|2−|β|2
2
α−kβn+k
(n+ k)!
√
n!
∞∑
m=0
(n+m)!
(
− |α|2
)m
m! (m− k)! (50)
= e
|α|2−|β|2
2
α|k|βn+k
(n+ k)!
√
n!
∞∑
m=0
(n+m)!
(
− |α|2
)m
m! (m+ |k|)! (51)
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The last expressions are retrieved by changing t −k → |k|, and using α = −α∗. Thus, the two
expressions for gain and loss, eqs. (29) and (51), respectively, can be combined
∣∣ψPINEMf 〉 = ∞∑
n=0
∞∑
k=−∞
cn,k |Ek, n〉 (52)
cn,k = e
|α|2−|β|2
2
α|k|βn+k
(n+ k)!
√
n!
∞∑
`=0
(
− |α|2
)`
(`+ |k|)!`! ·
{
(n+ k + `)! for k ≥ 0
(n+ `)! for k < 0
. (53)
Note that for the k < 0 part, I just wrote the arbitrary summation index as ` instead of m, and
used −k = |k|, while for the k > 0 part, I substituted k = |k|.
S.3 Two-electron interaction mediated by cavity photons
After an interaction of an electron with a cavity, eq. (20) calculates the final state amplitudes,
|ψ〉 =
∑
s
e−
|α1|2
2
αs1√
s!
|E−s, s〉 . (54)
It is a coherent photonic state with parameter α1, the strength of the first interaction, and an
electronic part that conserves a net energy E0. I derive the interaction strength as α1 and α2 for the
first and second electron, respectively, to be able to separate their contributions. Typically, one can
take equal interaction strengths, α1 = α2, as done in the main text. The loss index is changed here
to (s) to differ the loss of the first electron from the gain index of the second electron, k and the
photons’ index n. In the manuscript the index n instead of s for brevity. I now consider a second
electron with energy E0 = E0. The different symbol just marks a difference between the first and
the second electrons. Thus, the initial electron-electron-photon state, before the second electron
interacts with stored photons is
|ψi〉 =
∑
s
e−
|α1|2
2
αs1√
s!
|E−s,E0, s〉 . (55)
The final state can be characterized by the individual electron-electron-photon states,∣∣∣ψe−ef 〉 = ∑
s≥0, k
cs,k |E−s,Ek, n〉 .
The coefficients are given by the projection
cs,k = 〈E−s,Ek, n|D(bˆα2) |ψi〉 (56)
= 〈E−s,Ek, n|
∑
s,j
e−
|α1|2
2
αs1√
s!
D(bˆα2) |E−s,E0, s〉 (57)
= 〈E−s,Ek, n|
∑
s,j
e−
|α1|2
2
αs1√
s!
e
|α2|2
2
∑
m,`
(−α∗2)m
(
bˆ†
)m
aˆm
m!︸ ︷︷ ︸
e−α
∗
2 bˆ
†aˆ
α`2bˆ
`
(
aˆ†
)`
`!︸ ︷︷ ︸
eα2 bˆaˆ
†
|E−s,E0, s〉 (58)
=
∑
m,`
〈E−s,Ek−m, n+m|
∑
s,j
e−
|α1|2
2
αs1√
s!
e
|α2|2
2
√
(n+m)!
n!
(−α∗2)m
m!
· (59)
α`2
`!
√
(s+ `)!
s!
|E−s,E−`, s+ `〉 . (60)
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Note that here the operator bˆ is acting on the second electron, leaving the first unchanged. The
states’ orthogonality imposes
〈E−s,Ek−m, n+m|E−s,E−`, s+ `〉 = δn+m,s+`δm−k,` (61)
⇒ m = `+ k (62)
s = n+ k. (63)
Inserting the indices selection, and using the states’ orthogonality, eq. (59) is
=
∞∑
`=0
e−
|α1|2
2
αs1√
s!
e
|α2|2
2
√
(n+ `+ k)!
n!
(−α∗2)` (−α∗2)k
(`+ k)!
α`2
`!
√
(n+ `+ k)!
(n+ k)!
(64)
= e−
|α1|2
2
αs1√
s!
e
|α2|2
2
(−α∗2)k√
n! (n+ k)!
∞∑
`=0
(n+ `+ k)!
(
− |α2|2
)`
(`+ k)!`!
(65)
. (66)
The relation n + k = s allows the last equation to be written with as a function of the electron
energies only, k, s. So, one can write the coefficients cs,k
cs,k>0 = e
− |α1|22 αs1e
|α2|2
2
(−α∗2)k√
(s− k)!
∞∑
`=0
(`+ s)!
s!
(
− |α2|2
)`
(`+ k)!`!
. (67)
Factorials of negative numbers diverge according to the Riemann’s Gamma function. The term√
(s− k)! ≥ 0 diverges for s < k. In other words, the highest k is the full conversion energy taken
from the 1st electron to the 2nd. Thus, this term nullifies the probability for a non-physical energy-
gain of the second electron. Note that in the main text I chose to simplify the system by choosing
α1 = α2 = α, which is a realistic realization of eq. (67), when the two electrons share the same
beam path and interact with the same cavity.
Similar to the discussion in section S.2.2.3, the indices selection m, ` differs for the gain- and loss-
channels, as used in practice to calculate the 2-particle amplitudes numerically, with the substitutions
m = `+ k for k ≥ 0 (68)
` = m− k for k < 0. (69)
First, for the case of energy gain by the second electron, k > 0, the two-electron probabilty
amplitudes are in eq. (67). For the case of energy loss by the second electron, k < 0, the
proper index to keep is m, with the relation ` = m− k = m+ |k| from eq. (69).
=
∞∑
m=0
e−
|α1|2
2
αs1√
s!
e
|α2|2
2
√
(n+m)!
n!
(−α∗2)m
m!
αm2 α
|k|
2
(m+ |k|)!
√
(n+m)!
(s)!
(70)
= e−
|α1|2
2 αs1e
|α2|2
2
α
|k|
2√
(s− k)!
∞∑
m=0
(m+ (s+ |k|))!
s!
(
− |α2|2
)m
(m+ |k|)!m! . (71)
Finally, one can combine the expressions for the energy-gain and energy-loss for the second electron,∣∣∣ψe−ef 〉 = ∑
s
∑
k≤s
cs,k |E−s,Ek, s− k〉 (72)
cs,k = e
− |α1|22 e
|α2|2
2
αs1α
|k|
2√
(s− k)!

∑∞
`=0
(`+s)!
s!
(−|α2|2)`
(`+k)!`! for s ≥ k ≥ 0∑∞
m=0
(m+(s+|k|))!
s!
(−|α2|2)m
(m+|k|)!m! for k < 0
(73)
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Using the equality −α∗2 = α2, setting |k| appropriately, and using just either ` as a summation index,
a more compact equation can be written
cs,k = e
− |α1|22 α
s
1
s!
e
|α2|2
2
α
|k|
2√
(s− k)!
∞∑
`=0
(
− |α2|2
)`
(`+ |k|)!`! ·
{
(`+ s)! for s ≥ k ≥ 0
(`+ s+ |k|)! for k < 0 . (74)
Except for the spectrograms in the main text, for the coefficients cs,k I added some here, for different
coupling strength, α = α1 = α2
Figure S.2: The two-electron spectrogram for various values of equal coupling constants. The
colormap is the co-incidence of a particular energy comibination |cs,k|2. The bottom axis (blue
bars) is the spectrum of the first electron (including only loss channels) and the right axis (red bars)
is the spectrum of the second electorn. Note that in the text, the loss index of the first electron is
n for brevity, while here it is s.
There are several interesting examples to consider
1. Checking the limit of no initial gain – if the interaction strength of the first electron is nullified,
|α1| = 0, the interaction of the second electron should result in the spectrum of a single
interaction. Only the coefficients with s = 0 survive due to the factor αs1, and the
√
s− k term
suggests that k ≤ 0. The second electron therefore, populates no gain states. According to eq.
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(74), the coefficients cs,k will be
c0,k<0 = e
|α2|2
2
1√
(−k)!α
−k
2
∞∑
m=0
(m+ (−k))!
(m− k)!
(
− |α2|2
)m
m!
(75)
= e
−|α2|2
2
α
|k|
2√|k|! , (76)
which is a Poissonian probability distribution, just as in eq. (20) .
2. The coefficients retrieved from the two-electron interaction (eq. (74)), and for the PINEM
interaction (eq. (53)) are equivalent, by just selecting indices. Since the first electron in the
two-electron case induces a coherent state, the following stage, which is the interaction of a
coherent state with an approaching electron is identical to strong-coupling PINEM. However,
the important difference is the quantum numbers. For PINEM, the quantum numbers (in
which one may search for entanglements) are n, k, while for two electrons, their energy states,
s, k are important. Thus, for physically relevant purposes, the two cases are sheared n = s−k.
Such a shear can be identified by comparing figure 2 and figure 3 in the main text. One can
also consider the 1st electron spectrum as corresponding to the initial optical state, which
differs from the final, non-coherent-state-like photon distribution.
3. Approaching strong-field PINEM for the 2nd electron.
Similar to section S.2.2.2, cs,k can resemble the experimentally measured PINEM for weak
coupling limit. For the two-electron case, that requires verri different coupling strengths,
|α1  1 |α2||.For a large energy deposition in the cavity by the first electron, one can
assume (`+ |k|) , ` s, and approximate
(`+ s+ |k|)! ≈ s!s`s|k| (77)
⇒ (`+ s+ |k|)!
(
− |α2|2
)`
= s!s|k|
(
− ∣∣α2√s∣∣2)` . (78)
The factorial approximation is justified in eq. (134). Considering the gain/loss dependent part
of (74), including the term
√
(s− k)!, and changing k to |k| in a consistent manner for k < 0
and k ≥ 0, one can write the following equalities to combine the gain and loss parts{
(`+ s)! ((s− |k|)!)− 12
(`+ s+ |k|)! ((s+ |k|)!)− 12 =
{
s!s` (s!)
− 12 s
|k|
2 for s ≥ k ≥ 0
s!s`s|k| (s!)−
1
2 s−
|k|
2 for k < 0
(79)
=
√
s!
(√
s
)|k|
s`, (80)
Incorporating that into eq. (74) gives a separable equation. Same logic here applied as
cs,k =
[
e−
|α1|2
2
αs1√
s!
]e |α2|
2
2
(
α2
√
s
)|k| ∞∑
`=0
(
− |α2
√
s|2
)`
(`+ |k|)!`!︸ ︷︷ ︸
Jk(2|g|)
 , (81)
where, again, g = α2
√
s ≈ α2 |α1|, and this retrieves the experimental Bessel-amplitudes of
PINEM. One should note that the above separability is naturally occurring for the quantum
numbers s, k since the first electron is unaffected by any detail of the intaraction with a second
elctron. It already left the interaction region. In the PINEM case, where the final state is
expressed with n, k and s = n + k, the two states cannot be separated. A similar treatment
leading to eq. (42) would result in cn,k =
[
e−
|β|2
2
βn+k√
n+k
]
[· · · ], which is clearly not separable.
For this reason, the quantum fluctuations remain here, while they have to be mitigated in eq.
(42).
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S.4 Ladder operators for the relativistic electron
• Assuming the energy is allowed in levels |n〉, the Hamiltonian comply with Hˆ |n〉 = En |n〉.
• In this section, n is the energy level-index of the electron, with respect to the zero-loss energy
En=0 = E0. The number operator is
nˆ =
Hˆ − E0
~ω0
.
For the zero-loss energy, Hˆ |0〉 = E0 |0〉. E0 relates to the electron rest energy Erest and the
zero-loss momentum P0 by En=0 =
√
E2rest + (P0c)
2
.
• For nearly plane-wave electrons, the ladder operators commute [b†, b] = 0. In that case, They
cannot construct the Hamiltonian. The Hamiltonian is, by definition, sensitive to the level
index, and hence cannot commute with a ladder operator, e.g. Hˆ
(
b† |n〉) = En+1 (b† |n〉) 6=
b†
(
Hˆ |n〉
)
= Enb
† (|n〉).
• The momentum of state |n〉 is P0 + Pn. Thus, it can be written as |n〉 = exp
[
i
~ (P0 + Pn)
]
• The dispersion relation for the electrons around the zero-loss energy is
E =
√
E2rest + (P0 + Pn)
2
c2 (82)
=
√
E2rest + (P0c)
2
√
1 +
2P0Pnc2 + P 2nc
2
E2rest + (P0c)
2 (83)
≈
√
E2rest + (P0c)
2
(
1 +
1
2
2P0Pnc
2 + P 2nc
2
E2rest + (P0c)
2
)
(84)
=const+
P0Pnc
2√
E2rest + (P0c)
2
+
P 2nc
2
2
√
E2rest + (P0c)
2
(85)
=EZero−loss + vZero−loss · Pn
(
1 +
1
2
Pn
P0
)
(86)
• For relativistic electrons, Pn  P0, the Hamiltonian is linear with the momentum, Pn. The
ladder operators can be written explicitly as
bˆ† = ei∆kx and bˆ = e−i∆kx,
with ∆k = (Pn+1 − Pn) /~ = ω0/vZero−loss.
• To show the ladder operators are correct, one needs to show is that Hˆ (b† |n〉) = En+1 (b† |n〉)
Hˆ
(
b† |n〉) =Hˆ (eiω0c x · ei(P0+Pn)x) (87)
=Hˆ · ei(P0+Pn+ω0c )x (88)
=Hˆ · ei(P0+Pn+1)x (89)
=En+1e
i(P0+Pn+1)x (90)
=En+1
(
ei
ω0
c x · ei(P0+Pn)x
)
= En+1
(
b† |n〉) . (91)
Similarly, Hˆ (b |n〉) = En−1 (b |n〉).
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• Since bˆ, bˆ† are pure phasors, they reconstruct the relations in Ref. [1],
b† |n〉 = |n+ 1〉 (92)
b |n〉 = |n− 1〉 . (93)
This relation applies also for non-relativistic electrons if the underlying assumptions hold.
• Alternatively, the ladder operators can be constructed in a diagonal form
bˆ =
∑
n
ei(kn−1−kn)x |n〉 〈n| (94)
bˆ† =
∑
n
ei(kn+1−kn)x |n〉 〈n| ., (95)
based on the known values of the wave-vectors kn. One can see that, especially for slow
electrons bˆ and bˆ† are not exactly hermitian conjugates of each other. Hence, they may not
be convenient for the representation of observables quantities. However, even at acceleration
voltages of few keV, the dispersion becomes linear enough to allow the assumption that bˆ and
bˆ† are complex conjugates.
S.5 Quantitative evaluation of electron-fiber coupling
This section is mostly technical, in the form of bullet-points that allows, with the sources to follow
the quantitative estimation of the coupling constant (say, per 1µm). It is based on Refs. [6, 7] and
assisted by Prof. Elias N. Glytsis notes about Cylindrical Dielectric Waveguides, 2017. Numerical
results from finite-elements calculation are in good agreement with the analytic calculation below.
(see figure S.4)
In short, I calculate the field distribution for an HE11 mode in a round , clad-less, step-index
fiber, and estimate the field close to it’s surface, in vacuum. For a given fiber length of 1µm, I
calculate g and employ eq. (46), to calculate g per photon, that is, the coupling constant α. The
average number of photons in the classical field of the mode is evaluated as < n >= U/~ω, where
U is the total field’s energy, per µm, and ~ω is the photon energy.
I start with the basic form of the mode. An HE11 mode is always guided in a fiber. It is typically
given by the the electric and magnetic fields parallel to the fiber , Ez and Hz
EHE11z (r, φ, z, t) = e
iωt−iβzsinφ
{
A1J1
(
u ra
)
r ≤ a
B1K1
(
w ra
)
r > a
(96)
HHE11z (r, φ, z, t) = e
iωt−iβzsinφ
{
F1J1
(
u ra
)
r ≤ a
G1K1
(
w ra
)
r > a
(97)
u =
√
k2in − β2 , kin =
2pi
λ
ncore (98)
w =
√
β2 − k2out , kout =
2pi
λ
nclad=vacuum. (99)
J`(x), and K`(x) are the Bessel function of the first kind and the modified Bessel function of the
second kind. An electron traversing parallel to the fiber will excite one linearly polarized mode,
thus, radial function is sin (φ). The normalization for the radial function is already included in the
calculation of A1.
First, I note that Ez is the most relevant field component, as it determines g by accelerating or
decelerating the co-propagating electrons.
For HE11, find the smallest solution of the propatation constant, β, from the equation for ` = 1.[
1
u
J ′`(u)
J`(u)
+
1
w
K ′`(w)
K`(w)
][(
ncore
nclad
)2
1
u
J ′`(u)
J`(u)
+
1
w
K ′`(w)
K`(w)
]
=
(
β`
kout
)2 [
1
u2
+
1
w2
]2
. (100)
27
Here, J ′`(u) =
d
dxJ`(x)
∣∣
x=u
, and similarly for K ′`(w). From β, one finds u and w. The remaining
coefficients, B1, F1, G1 (assuming an arbitrary A1 = 1 for simplicity) are,
A1 = 1 (101)
B1 =
J`(u)
K`(w)
A1 (102)
G1 =
J`(u)
K`(w)
F1 (103)
F1 =
1
µ0ω
(iβ`)
(
1
u2
+
1
w2
)[
1
u
J ′`(u)
J`(u)
+
1
w
K ′`(w)
K`(w)
]−1
A1. (104)
Now one has a full expression for the mode’s fields. The next step is to find the number of
photons 〈n〉 per µm. Once one calculates g for classical field, the coupling constant is quantitatively
retrieved from the classical-field calculation by |alpha| = |g||β| = |g|√〈n〉 . In practice, one can choose to
normalize A1 per photon so that 〈n〉 = 1 results (just for the simplicity of the calculation, not for
that actual physical case) in the direct form α = g.
For a propagating mode, the energy is time-stationary and azimutally uniform, so only the radial
distribution requires calculation, at a given time. I choose the time of maximal Ez, along the axis
φ = 0. Thus, one can ignore field components that nullify along the axis of φ = 0, or those with a
temporal phase shift i, since their quarter-cycle shift nullifies when Ez maximal.
The Field components other than Ez are
Er = − iβ
k20n
2 − β2
[
∂rEz +
µ0ω
βr
∂φHz
]
, out-of-phase in time or φ (105)
Eφ = − iβ
k20n
2 − β2
[
1
r
∂φEz −µ0ω
β
∂rHz
]
, i∂rHz is in phase (106)
Hr = − iβ
k20n
2 − β2
[
∂rHz − ε0n
2ω
βr
∂φEz
]
, i∂rHz is in phase (107)
Hφ = − iβ
k20n
2 − β2
[
1
r
∂φHz +
ε0n
2ω
β
∂rEz
]
, i∂rHzout-of-phase in time or φ (108)
Hz , see eq. (97) Hz is out-of-phase temporally. (109)
The in-phase components, spatially and temporally are boxed. The others do not contribute. It is
convenient to express the energy in terms of ~E and
(
µ0ω ~H
)
, since the factor µ0ω comes either from
the above ratios or from eq. (104). The energy is
U =
1
2
∫
space
(
~E · ~D + ~B · ~H
)
=
1
2
∫
space
(
ε0n
2
∣∣∣ ~E∣∣∣2 + µ0( 1
µ0ω
)2 ∣∣∣µ0ω ~H∣∣∣2) . (110)
Using the relations ε0 =
(
µ0c
2
)−1
, one can write
U =
1
2
ε0
∫
space
(
n2
∣∣∣ ~E∣∣∣2 + ( c
ω
)2 ∣∣∣µ0ω ~H∣∣∣2) . (111)
To normalize the fiber mode across some volume, we choose a fiber length L [µm], with periodic
boundary conditions, to allow for a unidirectional mode. This simplification can be easily taken
into account in the cavity design, using the cavity effective length an any particular geometry. For
example, the mode effective volume would be larger by a factor of
√
2 for a cavity encapsulated
between two mirrors. I assume that the energy distribution is independent of φ.
Using these fields, one can require that A1 normalizes the energy to that of one photon,
U = A21 · L · ε0
∫ 2pi
0
dθ
∫ ∞
r=0
(
n2
(
E2z + E
2
φ
)
+
( c
ω
)2
(µ0ωHr)
2
)
rdr
!
= ~ω, (112)
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where one assumes the fields above were initially scaled according to eq. (101). Thus, A1 is given
by
A1 =
√
~ω
2piε0L
[∫ ∞
r=0
(
n2
(
E2z + E
2
φ
)
+
( c
ω
)2
(µ0ωHr)
2
)
rdr
]− 12
. (113)
This integral is evaluated for the inner and outer segments,
∫ a
0
and
∫∞
a
using (J1(), ncore) and
(K1(), nclad = 1) , respectively.
At this point one has the classical field of an HE11 fiber mode with an average energy of one photon.
To evaluate the coupling constant, one only needs to calculate g via its definition in refs. [1, 5]
g =
q
2~ω
∫ L
0
Ez (r, φ = 0, z, t(z)), (114)
for the electron trajectory (z, t(z)) (see main text). Only Ez(r > a) is relevant to accelerate/decelerate
an electron in vacuum.
Ez (r > a, φ, z, t) = B1K1
(
w
r
a
)
ei(ωt−βz) (115)
B1 = A1
J1(u)
K1(w)
(116)
. (117)
The maximal relevant field is, available for electron coupling right at the fiber edge is
Ez
(
a+, 0, 0, 0
)
=B1K1(w) (118)
. (119)
For a phase-matched interaction the electron experience a time-independent field along its path
(z, t(z)), so
E (r, φ, z, t(z)) = E (r, φ, 0, 0) .
Thus, the maximal PINEM interaction per photon, is on the surface of the fiber, under conditions
of full-phase-matching is
gmax PINEMper photon =
1
2~ω
∫ L
0
Ez
(
a+, 0, z, t(z)
)
dz =
qEz (a
+, 0, 0, 0)
2~ω
L. (120)
This is, quantitatively, the maximum electron-photon coupling
αmax =
g√〈n〉 = qEz (a+, 0, 0, 0)2~ω L . (121)
One should note that the maximal coupling scales with the cavity length as
αmax ∝
√
L
, since the volume normalization included in A1, scales as 1/
√
L.
For a step index fiber of Si3N4-core in vacuum having length of 100µm with periodic boundary
conditions, I calculated the coupling properties vs. the fiber diameter (figure S.3). The calculated
properties are the optimal coupling, the distance for e−1 decay of the field, the acceleration voltage
for phase-matched electrons, and on the right axis, the coherence lengths for acceleration voltages
of 200 keV and 300 keV. The calculations for the fields of the electromagnetic mode, and the
normalization terms were varified using COMSOL Multiphysics R©, shown on figure S.4.
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Figure S.3: Relevant properties for the coupling of relativistic electrons to Si3N4-core (left) and
Si-core (right) in vacuum. The waveguide width is chosen based on the optimal phase matching
condition - note the divergence of Lc for 200 keV electrons at a diameter of 463 nm and 213 nm
in Si3N4 and Si, respectively. The energy selectivity for these parameters is shown in figure 4b in
the main text. This regime determines the coupling constant, and the characteristic decay length of
the field out of the fiber (e−1 distance). Different diameters are optimized for either slower or faster
electrons.
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Figure S.4: (top) Distribution of the field component Ez in a step index fiber of a Si3N4 in vacuum.
The inner circle is the core, and the outer two circles form the boundaries for the numerical box.
(bottom) a cross-section of the above colormap. The field component Ez is normalized to represent
the field per photon, in a fiber of length L = 100µm with periodic boundary conditions, multiplied
by q2~ω0L. That is, it is the coupling constant α for a electron that travels in a fixed distance parallel
to such a fiber. The calculation is done for vacuum wavelength λ0 = 1064nm. The simulations
verify the analytic calculation of the mode properties, used to evaluate the coupling constant.
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Appendix A Assisting derivations
• Explicit derivation of BCH
According to BCH, for operators that obey [X,Y ] = const
eX+Y = eXeY e−
1
2 [X,Y ] (122)
eX+Y = eY eXe+
1
2 [X,Y ], (123)
where I just stressed the importance of the sign. For the displacement operator,
X = αbˆa†, Y = −α∗bˆ†a, 1
2
[X,Y ] =
1
2
[
αbˆa†,−α∗bˆ†a
]
=
1
2
|α|2 (124)
. (125)
which means that
D(bˆα) = e
αbˆa†−α∗bˆ†a (126)
= e−
1
2 |α|eαbˆa
†
e−α
∗bˆ†a (127)
= e+
1
2 |α|e−α
∗bˆ†aeαbˆa
†
. (128)
• Approximating (N + `)! ≈ N ! (N)` using Stirling’s Formula, z! ≈ √2piz ( ze)z. Taking the
natural logarithm result in
ln (z!) ≈ zln (z)− z + 1
2
ln (2piz) .
I will need to convert ln (N + `) to a form with ln (N), so explicitly
ln (N + `) = ln
(
N
(
1 +
`
N
))
(129)
= ln (N) + ln
(
1 +
`
N
)
, (130)
which by Taylor expantion to the first order ,provides
ln (N + `) = ln (N) +
`
N
+O
(
`
N
)2
. (131)
Expanding the factorial (N + `)! according to the above,
ln ((N + `)!) ≈ (N + `) ln (N + `)− (N + `) + 1
2
ln (2pi (N + `)) (132)
eq. (131)≈ Nln (N)−N + 1
2
ln (2piN)︸ ︷︷ ︸
ln(N !)
+ (N + `)
`
N︸ ︷︷ ︸
`+ `
2
N
+` · ln (N + `)︸ ︷︷ ︸
ln(N)+ `N
−`. (133)
Neglecting terms of order
(
`
N
)2
, this resuls in
ln ((N + `)!) = ln (N !) + `ln (N) + 2
`2
N
.
Within a correction of e(
`
N )
2
, one gets,
(N + `)! = N ! (N)
`
e2
`2
N +O
(
`
N
)2
.
For simplification, in the approximation of 2`2  N , this leads to the final result
(N + `)! ≈ N ! (N)` . (134)
Which we use to simplify the factorial terms in the electron-photon coupling and electron-
electron coupling.
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